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PREFACE

In this document a system of procedures is given for solving a linear
system with some greater accuracy than can be obtained by the system
presented in MC tract 22 (T.J. Dekker, ALGOL 60 procedures in numerical
algebra, part 1).

Essentially two devices contribute to the increase of accuracy.

(1) double length arithmetic and (2) iterative improvement of a first

approximation.

All the routines have been tested for correct operation. Nevertheless

this report has a preliminary status: The system .still has to be augmented
and, perhaps, the description still has to be polished. Moreover, experience
concerning the accuracy obtained by and the execution time required for

the calculation have to be added. The final form of the report will be
published in the series "ALGOL 60 procedures in numerical algebra" as a

MC=tract in the near future.

The reason for the distribution of a few copies presenting the main results

of the research involved is the absence of the author.

KA and vdH.
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CHAPTER 25
VECTOROPERATIONS

This chapter contains procedures for double length,arithmefic. A déuble’
precision number is represented as a pair of real numbers (head, tail),
where "head" is a representable singie precision number, nearest to the
exact sum of head and tail. This "head-tail" condition ensures that the
tail is indeed small with respect to the head. In particular, any pair
(c,0) satisfies this condition. ‘
The procedures of this chapter work correctly in binarj floating erithmetic
with U0-bit mantissa, provided 6nly that all operations occurring in the
body are optimal, i.e. yield a representable result nearest to the exact
value. ,
The operations occurring in theyﬁody are addition, subtraction, multiplication
by the special faétor 2120+1 and multiplication of two short mmbers, each
representable with a 20~bit mantissa. Apart from overflow and underflow this
optimality condition is satisfied in the arithmetic of the E1 X8, for which
machine these procedures have been written primarily.
The basic devices used in the double precision calculations are the
following:
1) the sum of two single precision numbers a and b can be represented by
a double precision number {(c, cc), whicﬁ is obtained by performing the
statements: ' ‘
" ci= atb 5 cci= a~ctb" if |a|>[b|; otherwise the roles of a and b are
interchanged, ,
2) a number a, is splitted into two short numbers by performing the statements:
"opi= (2t20+1 e 3 xi= ampip 5 xXxiz amx"
The value of a, correctly rounded to 20 bits, equals x, and the remaining

part xx of a is representable with a mentissa of at most' 19 bits.



Section 250 Scalarproducts in double precision

The procedures of this section calculate the sum of the double precision

number,(c, cc) and the scalarproduct of two single ?recision vectors.

The result is calculated in double precision and delivered in the pair

(d, dd). The head-tail condition mentioned above must hold for the given

pair (c, cc) and does hold for the resulting pair (4, dd).

The method is as follows:

the double precision product of two single precision factors is obtained

by splitting the factors into short numbers (see above device 2), (x, xx)

and (y, yy). The product is performed in four statements:
"mimxoeyy b xxey; yi=Xx oy Xi=y 4oz

\y:=y“x+z+‘xx%yy ",

The double precision number (x, y) is added to (e, cc) in double precision.



comment mea 25003
procedure lngvecvec(l, u, shift, a, b, c, cc, d, dd);
value 1, u, shift, c, cc, 1nteger 1, u, shift; real ¢, cc, d, d44;
array a, bj
begin integer k; ,
real X, XX, ¥, Y¥, 25
for ki= 1 step 1 until u do
begin xx:=alkl; yyi= blshift + k]; )
xi= xx X 1048577; xi= XX = x + x} 1= XN - X3

muli2s
Y=Yy X 10UBSTT; yi= ¥y - ¥ + ¥ yyi= ¥y - 73
Z3= XX yy + XX X ¥y; yi= X X Y3 Xe= Yy + 2}
Vi= ¥y =X + 2 4+ XX X y¥;
add2: z:= X + c;
ces= (if abs(x) > abs(c) then x = 2 + c else Cm 2+ X) +y

+ ccj Cci= 7 + cc, CCi= Z = C + CC
end, ,

q$&= ¢; ddi= cc
end lngvecvec;

‘comment mea 2501;

procedure lngmatvec(l, u, i, a, b, ¢, cc, d, dd);

value 1, u, i, ¢, cc; integer 1, u, i; real c, cc, 4, dd; array a, b;
" begin 1nteger k;

real x, xx, ¥y, yy, 25

for k:=-1 step 1 until udo

begin xx:="al1,k]; yyi= blKI;

mul12° xe= xx X 10&8577, X3= XX = X + X3 XK= XX = X}

Yy X 10485775 yi= yy ~ y + y5 yyi= yy = y;3

z:=x><yy+xx><y, Vo= X X ¥; Xé= Yy + 23}
yi= Y =X+ 2+ xx X yy;
addQ: Zi= X + C;
cet= (if abs(x)>abs(c) then X = z + ¢ else C—-2z+Xx)+y

+ ccy Ci= 2z + ce cc~~zm c + ce
end, :

d:= c; dd:= cc
end lngmatvec;

comment mca 2502;
procedure lngtamvec(l, u, i, a, b, ¢, cc, d, dd);
value 1, u, i, ¢, cec; Integer 1, u, i; real ¢, cc, d, dd; array a, b;
begin 1nteger k;
real Xy XXy ¥V, yy: z3
for ki= 1 step 1 until u do
begin xx:= alk,1]3 yy:= b[k];
muli2: x3= xx X 1048577; x:= XX = X + X} XK= XX = X}
yi= yy X 10485775 yi= yy = ¥y + ¥3 yys= yy = ¥
TaI= XX Yy h xx X Y3 yi= XX ¥y xz=y+z,
Vo= Y = X + & + XX X Yy
add2: zi= x + ¢3
cei= (if abs(x) > abs(c) then x = z + ¢ else ¢ =2z + x) + y
+ cey ci= z + ccj cei= 2z = C + ce
end;
d:= c¢; dd:= cc
énd lngtamvec;




Description mca 2500

lngvecvec calculates the sum of the double preclslon number (e, cc) and

the scalar product of the vectors, glven in array a[l d] and array
b[%hlft + 1: shift + @] in ‘double pre0151on, and delivers the result in.

the double precision number (d da).-

Descrlptlon mea 2501

lngmatvec calculates the sum of the double prec151on number (c, ce) and
‘nhe scalar product of the rowvector, glven in array at; i,1: ﬁ] and the
_vector, glven in array b(l d] in double prec151on, and delivers the result

in the double pre0151on number (d dd)

Description mca 2502

~ Ingtamvec calculates the sum of the double precision number (e, cc) and
the scalar product of the columnvector, glven(ln,array a[l.u,l.i] and the
vector given in arrax'b[l:uj in 'double precision, and delivers the result

in the double precision number (d, dd).



) comment mesa, 2503,
procedure lngmatmat(l, u, i, 3, a, b c, cc, d, dd);
value 1, u, 1, Js c, cey 1nteger 1, u, i, J, real c, ce, d, 44;
array a, b . ' )
begin integer k; S

real X, XX, Vs .V.V; Z:" i

for k:= 1 step 1 until u do

begin- xx:= ali,kl; yyi= blk,jl;

- mulT2: x:=xx X 10485TT; Xi= XX = X + X; XK= XX = X
‘ yi= yy X 1048577 yi= yy = ¥y + ¥3 yyi= ¥y = ¥;
Zi= X XYy + XX XY yi= x X.¥; Xi=Yy + 2
y:=y—-x+z+xx><yy,‘ . '

add2: zi:= X'+ ¢3

ces= (if abs(x) > abs(c) then x — .z + ¢ else c.— z + x) + y
+ cC; Ci1= Z '+ cc, ces= z-c+ cc

end; ‘ . .
di= cs dd:= cc

end lngmatmat,

comment meca 2504
procedure lngtammat(l, u, 1, j, a, b, ¢, cc, 4, ad); -
value 1; u, i, J, c, cc; integer 1, u, 1, 35 real c, ce, 4, dd,
array a5 bj
‘begin integer k;
I'eal Xy XXy Vs VY5 23
for ki= 1 step 1 until ‘u do
begin xxi= alk,1]; yyi= blK,jl;

ml12: x:= xx X 10485775 xXi= Xt = X + X} XM= XX - X}
yi= yy X 10485773 yi= yy — ¥y + ¥§ yyi= yy — ¥;
Zi= XX JY + XXX Y3 yi= X X y; Xéi=y + 23
.y:=y—~x+z+xx'><yy;f : -
add2: zsi= x .+ ¢3
- ces= (if abs(x) > abs(c) then X—2z+celse Cmz+X)+y
4 CC3 Ci= 2 + €Cj cCi= Z = C + CC
end; '

d:= c; dd:= cc
end Ingtammat;

comment meca 25053 .
procedure lngmattam(l, u, i, 3, a, b, c, cc, d, dd);

value 1, u, i, j, ¢, cc; integer 1, u, i, J; reaJ. ¢, cc, d, dd;
array a, b;

begin integer k;

begin xxi= ali,kl; yy:= dlJ,kl;

ml12: x3= xx X 10485775 Xi= XX = X + X; XK= XX = X}
yi= w X 1048577 yi= yy =y + ¥3 YYi= Yy - ¥3
Zo= ny+xx><y§ yi= X X ¥y; X2= ¥y + 3Z;

cer= (if abs(x) > abs(c) then X = Z + c else =2z + x) + ¥y
4+ CCj Ci= Z + CC} CCI= Z = C + CC

end; '

d:= c; dd:= cc

end lngmattam;



Description mca 2503 L S
lngmatmat calcula.{:es the sum of the double precision number (c, ce) and
the scalarproduct of the rowvector given in arrax a[l i,1: u] and the

) columnvector given in array b[l W, g J] in double preclslon, ‘and delivers

the result in the double precision number (d, dd). . et
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Description mda 2504 - . _ v
lngtammat calculates the sum of the double ‘precision number {c, cc) and

the scalarproduct of the columnvectors glven :m arrsy al:l upizi J a.nd »
array b[ l:u,j: J] in double prec1s:Lon, and delivers the result 1n the dou'ble

o

precision number (d, dd).

Description mea 2505
lngmattam calculates the sum of the double precision number (c, cc) and

the scalarproduct of the rowvectors, given in array aL:L i,1: ‘DJ and
array b[g Jals u:l in double precision, and dellvers the result in the

double precision number (d, ad).



CHAPTER 26

LINEAR SYSTEMS

This chapter contains procedures for solving real and complex linear systems
of eguations, using double precision scalarproduct procedures, followed by
iteration. In both cases triangular decomposition with partial pivoting is

used.

N

For large order n the computation time for solving linear systems is pro-

portional to n cubed.

The scalarproducts in double precision require sdditional time.
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Section 260 Triangular decomposition with partial pivoting (real)

This section contains procedures for solving real syétems of linear
equations. *

detaccsol and lngdetsol solve a system of linear equations and calculate
the determinant of the systemj

Ingdet calculates the determinant of a matrix;

Ingsol solves a system of linear equations, provided the matrix is given

in the triangularly decomposed form as produced by lngdet;

accsol solves a system of linear equations and improves the solution using
sol (meca 2101 Bﬂ) resp. lngsol, provided the matrix is gi#en in the
triangularly decomposed form as produced by det (mea 2100 [6]) resp. lngdet.
One call of det resp. lngdet, followed by several calls of sol resp. lngsol
or followed by several calls of accsol using sol resp. lngsol, may be used
to solve several linear systems, having the same matrix but different right=

hand sides,

The method used in lngdet is triangular decomposition with stabilizing row=
interchanges, also called partial pivoting, [6] [?, P 115], using double~
precision scalarproduct procedures. The method yields a lower triangular
matrix L and a unit uppertriangular matrix U, such that the product LU

equals the given matrix M with permuted rows.

The process is performed in n steps. The k~th step, k = 1,...,n, produces

the k-~th column of L; subsequently, the "pivot" is selected in this column;

the pivotal row and the keth row of M (and thus also of L) are interchanged;
finally, the k~th row of U is produced. That element of the k-th column of

L is chosen as pivot, whose absolute value divided by the Euclidean norm of

the corresponding row of M is maximal. Thus, matrix M is "equilibrated"

in this pivoting strategy, such that the rows effectively obtain unit

Euclidean norm. The determinant equals the product of the diagonalelements

of L. After the triangular decomposition, lngsol obtains the solution x of

the system Mx = b by first permuting the elements of b in the same way as

the rews of M, than calculating y, such that Ly equals b with permuted

elements (forward substitution) and finally calculating x, such that Ux = y -
(back substitution). After the triangular decomposition accsol obtains the '

solution of the system Mx = b using lngsol and improves the solution by iteration.
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comment mca 26003 :
integer procedure lngdet(a, n, aux, p); value n; integer n;
array a, aux; integer array Dp; ,
begin integer i, j, k, 1, d2;
real x, ¥, yy, 41, eps,
array norm[1:n];
eps:= aux[0];
for it= 1 step 1 until n do
begin lngmattam(1, n, 1, 1, a, a, 0, 0, v, yy),
norm[l]'-' 1 / sart(y) _
=13 2= O,
for ji= 1 step 1 until n do
: begln l'- J, x:= 0;
for 1= j step 1 untll n do ;
begln lngmtmat“; J = 1: i, j, a, a, - a[i,j], 0, ¥, ¥y);
T ali,jli= = y; yi= abs(y X norm[1]); if y > x then
begin xi= y; 1l:= 1 end

end,
:Lf 1 + J then _ :
Pegin d1:= — d1; ichrow(1, n, j, 1, a); norm{1]:= rorm[j]
end;
Plile= 1; dr1:= d1 X alj,jl; if x < eps then
begin aux[3]:= x; goto end end;
11s if 'a"b's(m) > 1 then :
Pegin dl:= q1 X 0,0625; d2:= 42 + 4; goto 11 end;
123 i"f"'a"'bs(m) < 0.0625 then -
begin d1:= d1 X 16; d2:= a2 =~ b; goto 12 end;
xi= — 1 / alg,il;
for ii= j + 1 step 1 until n do
begin Ingmatmat(l, j =1, J, 1, a, a, — alJ,1]l, 0, ¥, yv);
a[j,i]:= XXy .
end 1
end T]T_
,j:= n + 1;
end: lngdeti= § — 1; awx[1]:= d1; aux{2]:= d2
g_lld; Ingdet; ]

o
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Description mea 2600
ingdet:= n, the order of the matrix M, given in array a[1:n,1:n]

and the triangular decomposition of M is performed. The resulting lower-—
triangular matrix and unit upper=triangular matrix with its wnit diagonal
omitted are overwritten on a. In array aux[O;SJ one must give the relative
tolerance in aux [O] . '

The pivotal indices are delivered inm integer array p[l:n] and the determinant
of M as aux[1] 2 + aux|[2].

If, however, during the decomposition, a pivot is smaller than aux]:O] , the

process is discontinued, lngdet:= the last stage number minus one, the

determinant of the decomposed part is delivered as auxh] *» 2 4 aux[2:] and

the pivot in a.ux[S:]
lngdet uses ichrow (f6] » chapter 20), lngmatmat and lngmattam (chapter 25).

(see also ]:3])
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comment mca 2601;
procedure lngsol(a, n, D, b), value n; integer n; array a, b;
integer array p; .
begin integer i, j, ks
real x, xx, pi; ;
For i:= 1 step 1 until n do -
begln pis= pli]; if pi ?1 T then
T begin x:= b[iT; b[i]:= BIpi]; blpil:= X end
end;
for i:i= 1 step 1 until n do
begin lngmatvec(1, 1 — 1, 1, a, b, b[i], 0, X5 XX);
T blili= - x /a[l i]
end;
for is= n step - 1 untll 1 do
begin Ingmatvec(i + 1, m, i, a, b, b[1], 0, x, xx); blili= — x
end
end Tngsol;




1k

Description mca 2601
Ingsol should be called after lngdet and solves the linear system Mx = b,

where M is the n-th order matrix, vhose triangularly decomposed form and

pivotal indices, as produced by lngdet, must be glven in array a[1 tn,t: n] and
integer array p[j n] and where b is given as array b[] ﬁj

The solutionvector x is overwrltten on b.

lngsol leaves a and p intact, so'that after one call of lngdet, several
calls of lngsol may follow, for solving several systems, hav1ng the sane
matrix, but dlfferent right=hand sides.

Ingsol uses lngmatvec (chapter -25).

(see also [3]).
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comment mca 2602;
procedure accsol(a, aa, n, p, b, aux, bb, x, sol); value nj
array a, aa, aux, X, b, bb; integer array p; Procedure sol;
begin integer i, J, k, l,
real dO, 41, ¢, cec, xmax, dxmax, eps;
eps = aux[o]
for i:= 1 step 1 until n do
begln x[115=0; bbl[ilz= b[1] end;
= 03 :
loop: sol(aa, n, p, bb);
for it= 1 step 1 until n do x[i]:= x[i] + bb[i]; 1= 1 + 1;
¥max:= dxmaxi= O;
for i:= 1 step 1 until n do
begin ci= apbs(x[1i]); if ¢ > xmax then xmax:= c; ci= abs(bb[1]);
if ¢ > dxmax then dxmax:= c;
Ingmatvec(1, 0, 1, a, x, = b[1], 0, ¢, cc); Bb[il:= ~ ¢
end,

integer n;

= dxmax / xmax; if d1 > 2 X eps then
begln if 1> 1 14 X 2< a0 then
begln d0:= d1; goto loop ggg?
1oz w 1 ]
end;
aux[kli= a1; aux[5]:=
end acc sol;




«
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Description mca 2602 v . ‘
accsol should be called after det resp. longdet, and solves the linear

system Mx = b, where M is the n-th order matrix, given ‘inAarra;[ a[] n,1: nT
whose triangularly decomposed form and. plvotal 1nd1ces, as produced by det

resp. lngdet, must be given in arrax aa[‘l n,i: n] and integer array pl1 n] > and

where b is given in array bﬁ n] In array au.x[O 5] one must give the machine

- precision in aux[0].

The solution is calculated iteratively, starting from the trial solution

x = 0. In each step the residual bb is calculated, and then ‘the system

Md' = bb is solved, uslng sol resp. lngsol, and suhsequently the correction

d is added to X, The refinement is repeated as long as the. max1mum correction
is at most half the previous one, until it is less than twice aux[O_] times the .-
maximum norm of x. If the solution fails to improve, the 1tera.tlonprooess 15
discontinued, and the number of iterations is delivered with a negative sign.
The solution x and the residual bb = b = Mx are dellvered 1u _ag_qx x[1 n]

and bb[1tn]. |

aux[4]:= a measure for the maximal relative error in the solution

aux[S] := the number of iterationms. |

accsoi leaves a, aa, p and b intact, so that a and b can be used to refine
the solution x, and so that after one call of det" resp. lngdet several calls
of accsol with sol resp. lngsol may follow, for solving’ several systems
having the same matrix but different right=-hand sides. ,

accsol uses lngmatvec (chapter 25) and sol resp. lngsol, depending on accsol
being preceded by det resp. 1ngdet, and indirectly matvec ([6] » chapter 20).
(see also [3])
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comment mea, 2603,
real procedure detaccsol(a, n, b, aux), velue n; integer n,
array a, b, aux; .
 begin integer i, j; - '

array aall:n,1:n], bb, x[l:n];

1nteger array pl1:nl;

. for i:= 1.step 1 until n do

for j:- 1 step 1 until n do aali,j]:= a[l,J],

detaccsol:= det(aa, n, D)3

accsol(a, aa, n, p, b, aux, bb, x, sol);

for it= 1 step 1 until n do b[il:= x[i]
end detaccesol; f- S

. comment meca 260k4; K
integer procedure lngdetsol(a, n, b, aux); value nj integer n;
array a, b, aux;
begin integer 1, j, r;

array aall:n,l:n], bb, x[1:n];

integer array pl1:n];

for 1l:=1 step 1 until n do :

fg? je= 1 step 1 until n do aa[l,J]'= a[l,J],.

= lngdetsol'— 1ngdet(aa; n, aux, p); if r = n then

begin accsol(a, aa, n, p, b, aux, bb, x, . ngsol),
ggg i:= 1 step 1 until n do b[il:= x[i]

end
end lngdetsol;



Descrlptlon mes, 2603

detaccsol the de‘cemlnant of the n—th. order matrlx M, given in
array. a[1 in, 1% n] and the llnear system Mx = b, Where vector b lS glven
in array bD n] s is solved ‘and ‘the solutn.on is :meroved by :Lteratlon. In
array aux [O 5_] one must glve the machlne prec:.s:.on in aux [0]

The solution x 'is overwrltten on b. .’ '

aux|[l]:
aux ['5]

failed to mprove R

a measure for the ma.x:.mal rela.tlve error in the solution,

the number of :Ltera.tlons, wrth a negetive s:.gn,lf the solutlon
deta,ccsol lea.ves a intact. .
detaccsol uses det, sol ([6], .chaptexr 21) and accsol and 1nd1rectly matvec,

matmat, mattem, ichrow ([6], chapter 20) and lngmatvec (chapter 25).

Description mca 260k

Ingdetsol:= n , the order of the matrlx M, g:.ven in _g,_ngg_a_.x aD n, 1 n] and
the linear system Mx = b, where vector b is given in array b[‘l.n] is solved
and the solution is improved by iteration. In array aux[O.:SJ one must give
the machine precision in aux[O_] .

The solution x is overwritten on b. .

. The determinant of M is delivered as aux[1] »2 * 'aux]:Z_]_.

aux[h]:

aux[S] 1= the number of iterations, with a negatn.ve sign, if the solution

a measure for the maximal relative error in the solution

failed to improve. o . .

Ir, however, during the decomposition by lngdet a pivot is smaller than

aux[OJ the proeess is discontinued, 1lngdetsol:= ° the last stage number

minus. one, the determlna.nt of the decomposed part is delivered as

aux[1] =2 t aux[2'] , the pivot in auxl_3] and the procedure is left, without
solv1ng the system Mx =D, '

lngdetsol leaves a intact.

lngdetsol uses lngdet, lngsol and accsol and indirectly 1chrow ([6] s chapter 20),
Ingmatvec, lngmatmat and lngmattam (chapter 25)
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Section 265 Triangular decomposition with partisl pivoting (complex).

This section contains procedures. for sol%ing complex systems of linear |

. equations. I 'V‘ k, I
lngcomdetsol solves a complex‘sysfeﬁ of'liheér’equations and'calculatés

the determinant of the system, ° - .

‘1lngcomdet calculates the determinant of a matrix,

Ingcomsol solves a complex system of linear equations,

provided the matrix is given in the triangularly‘deéomposed form as produced
by lngcomdet.

comacesol solves a complex system of linear equations and»improves the ’
solution using Ingcomsol, provided the matrix is given in the triangularly
decomposed form as produced byvingcamdet. One éall of Ingcomdet, followed
by several calls of lngcomsol or comaccsol, using lngcomsol, may be used to
solvé several complex linear systems, having the same matrix, but different
right=hand sides. ’ | v

The method., used in this section, is analogous to the method described in
section 260 for the real case. |

The complex scalarproducts are written as four real scalarproducts.
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comment meca 26503
integer procedure lngcomdet(ar , al, n, aux, p); value n; integer n;
array ar, al, aux; integer array p;
begin integer i, j, Jt, k, 1, dete;
real u, v, w, X, ¥y, 2, detr, deti;
array norm[1:n]; :
for i:= 1 step 1 until n do
begin lngmattam(1, n, i, 1, ar, ar, 0, 0, X, w),
lngmat’cam(‘l, n, i, 1, ai, ai, x, w, norm[l , W)

a—é_%'r:= 13 deti:= ;5 detes= 0;
for js= 1 step 1 until n do
begin 1t= J; z:= 0; Jile= J = 13
for 3= j step 1 until n do
begin Ingmatmat(1, 41, 1, j, ar, ar, — ar[1,j], 0, x, ¥);
T Ingmatmat(1, J1, 1, §, ai, al, - x, =¥, X, 3’5
Ingmatmat(l, 31, i, j, ai, ar, — ai[i,Jl, 0, ¥, w);
longmatmat(1, j1, i, J, ar, ail, y, w, y, w); ar[i,jli= x;
ye= aili,jli= - y; xt= (x X x + y X y) / norm[i];
if x > z then - ‘
begin z:= x; l:= i end
end, -
if . 1 J then
begln detri= = detr; detit= — deti; ichrow(i, n, J, 1, ar);
1Chr0w(13 n, j, 1, ai); plll:= p[j]
end;
plile= 1; xs=ar[j,i]; yi= ailj,jl; zi= x X x + y X y;
wiz= x X detr - y X deti; detit= x X detli + y X detr;
detri= w;
if abs({detr) > abs(deti) then wi= detr else wi= deti;
if w = 0 then
begin detes= 0; goto endd end;
11: if abs(w) > 1 then
Pegin wi= w X 0,0025; detr:= detr X 0,0625;
Jetit= deti X 0,0625; dete:= dete + U; goto 11
end;
12: if abs(w) < 0.0625 then
Pegin wi= w X 16; detr:= detr X 16; deti:= deti X 16;
dete:= dete - U; goto 12
end,
J‘l Jg=15
for i:= J + 1 step 1 until n do
begin lngmatmat(1, 31, 4, i, ar, ar, — ar[Jj,i], 0, w, v);
Ingmatmat(1, 31, j, i, ai, al, = w, = v, w, V);
Ingmatmat(l, 31, j, i, ai, ar, — ailJ,i], 0, v, u);
Ingmatmat(1, j1, j, i, ar, ai, v, u, v, u); vi= — v
arlj,ili= (wXx x+ vXy) / 23
ailj,ili= (vX x-wxy) / 2z
end '
end;_—'
J:= n+ 13
endd: lngcomdeti= j — 13 aux[1]:= detr; aux[2]:= deti;
. aux[3]:= dete
end Ilngcomdet;
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Description meca 2650

lngcomdet:= n , the order of the complex matrix M, whose real part is

given in array ar[]:n,jznj and imaginary part in array ai[‘]:n,]:n] and the
triangular decomposition of M is performed. Thé résul’cing lowertriangular
matrix and unit uppertriangular matrix with its unit diagonal omitted, are
overwritten on ar and ai. .

The pivotal indices are delivered in integer array p[]:n] and the determinant
of M as (aux[1] + i *aux[Z]) »2 4 aux[3].

If, however, during the decomposition, a diagonalelement of the lower=

triangular matrix becomes zero, the process is discontinued, ln.gcbmdet:=

the last stage number minus one, and the determinant of the décomposed part is
delivered as (aux[1] + i * aux[2]) *2 4 aux[3].

.ngcomdet uses ichrow (E6] ,» chapter 20}, Ilngmatmat and lngmattam (chapter 25),
(see also [3] 1,
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comment mea 26513 :
procedure lngcomsol(ar, ai, n, p, br, bl), va,lue n; integer n:
array ar, al, br, bi; integer array p;
begin integer i, 11, 3, k3.
real X, ¥, %, al, a2;
for i:= 1 step 1 untll n do
begln k= p[l], if kg1 tThen
" Pegin x:= brlil; br[l]'- brik]; br[k] = x; xi= bi[i];
bl[l]"" bilk]; bi[k]l:= x

end
end;—"_—'
for i:= 1 step 1 until n do
begin i1:= 1 — 1; Ilngmatvec(1, i1, i, ar, br, — dbr[il, 0, x, ¥);
Ingmatvec(l, i1, i, ai, bi, = x, = ¥, X, ¥)3
logmatvec(l, i1, i, ar, bi, — bi[il, 0, ¥y, z);
Ingmatvec(1, i1, i, ai, br, v, z, ¥, zj, yi= - 3
als= ar[i,i]; a2'- ai[i,i]; :=al X al + a2 X a2;
brlil:= (x Xal +yxa2)/ 2z bi[il:= (y X al = xxa2) / z
end; ’ '
for ii= n step — 1 until 1 do
begin i1:= 1 + 1; lngmatvec(il, n, i, ar, br, — br[i], 0, x, ¥);
Ingmatvec(il, n, i, ai, bi, = X, =~ ¥y, br[i], v);
lngmatvec(il, n, i, ar, bi, - bilil, 0, v, z); ‘
Ingmatvec(il, n, i, ai, br, v, 2, ¥, 2); bi[i]li= -y
end
‘end Ingcomsol;
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Description mca 2651 o
)lngc'omsol should be called after 'lvrligcomdet and solves the complex linear

system Mx = b, where M is the n=th order matrix whose triangularly decomposed
form and pivotal ihdices, as produced by l‘ngcomdét, mﬁst be giVen in array
ar D:n,‘l’:n:[ (real part of M), éi-[}:n,‘l:n] (imaginary part of M) andvinteger
array p[1:n], and where b is given in array br [1:1’1] (real part of b) and
bi [’l:n] (imaginary part of b).

The solutionvector x i1s overwritten on b.

lngcomsol leaves ar, al and p intact, so that after one call of lngcomdet,
several calls of lngcomsol may follow, for solvmg several complex systems,
having the same matrix, but different right-hand sides.

Ingcomsol uses lngmatvec (chapter 25),

(see also [3:1 ).
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comment mea 26523

Procedure comaccsol(ar, ai, aar, aai, n, p, br, bi, aux, bbr, bbi,

xr, x15, value n; integer n;

array ar, al, aar, aai, br, bi, bbr, bbi, xr, xi; 1nteger array P;

begin integer i, j, k, 1;
real e, eps, X, ¥, 40, 41, xmax, dxmax;
for i:= 1 step 1 untll n do

begln xe[iT:= xi[TI]:= 0; ©br[il:= br[i]; bbi[1]:= bi[i] end;

T:= 0; eps:= aux[0]; eps:= eps X eps;
loop: . time; lngcomsol(aar, aai, n, p, bbr, bbi);
te= time — t3 tle= $1 + t5 le= 1 + 13 :
for it= 1 step 1 until n do ' ,
~ begln xr[iT:= xr[i] + bbfr_], xi[i]s= xi[i] + bbi[i] end;
Xmax:= dxmax:= 0; ’ -
for i1:= 1 step 1 until n do

begin e:= xr[1] A 2 + xi[I] if e > xmax then xmax:= e;
e:= bbr[i] A 2 + bbili] IT e > dxmax then dxmax:= e;

Ingmatvec(i, n, i, ar, xr, - B?[i], 0, X, )3
ingmatvec(1, n, i, ai, xi, - x, ~ y, bor[i] YY)
Ingmatvec(l, n, i, ar, xi, — bi[i], 0, x, ys;
lngmatvec(l, n, i, ai, xr, x, ¥y, x, y); bbi[ils=~ x

end,

qt= dxmax / xmax; if d1 > 4 X eps then

begln if1>1714a X bLh<ao then
begln d0:= di; goto Toop end'

CI=—1
end;
auxib]i= a1; awx[5]:= 1
end comaccsol;
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Description mca 2652 .
comacesol should be called after lngcomdet, and solves the complex llnea.r

system Mx = b where M is the n-th order matr:_x, whose real part must be given
in array ar[].n,].n] and imaginary part in array a1[1.n,1.n] and whose
triangﬁlarly decomposed form and pivotal indicés » as produced by lngcomdet,
must be givén in array aar, aai|1:n,1:n] and integer array p|i:n| and where

b is given in array br, bi [1 n], where br con’ca.lns ‘the rea,l part of b and
bi the imaginary part.
In array aux[O 5| one must give the ma.chme prec:.slon in aux]_o]
- The solution is calculated lterat:wely, starting from the trial solutlon
x = 0., In each step the re31dua.l Bb lS ca.lcula’ced and then the system '

= bb is solved us:Lng lngcomsol and subsequently‘ the correct:.on dis
added to x. '
* The refinement‘ is repeated as long as the maximum correction is at most half
the previous one, until it is less than twice aux[0] times the maximum norm
of x. If the solution fails to ‘improve, th_é ii(;ez"ationproces‘s' is discontinued,
and the number of iterations is delix}ered wif.h a negative sign.
The solution x and the res:.dual bb = b - Mx are dellvered 1n array xr, xi,
bbr, bbi D n] where xr and bbr éontaln the real parts of x_and bb, and xi
and bbi the imaginary parts.
aux]_.ﬂ = a measure for the maximal relative error 1n the solution.
aux [5'] -the number of iterations.
comaccsol leaves ar,‘ ai, aar, aa,E'L, P, br and bi intaect, so that ar, ai, br =
and bi can be used to refine the solution x,and so that after one call of
Ingcomdet several calls of comacesol with 1ngcomsol ‘may follow, ’for solving
several complex systems having the same matrix but dlfferent rlght'-hand sides.

comaccsol uses lngmatvec (chapter 25) and lngecomsol.

(see also L3])
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comment mca 2651L ' :
integer procedure lngcomdetsol(ar, ai, n, br, bi, aux); value n; -
integer n; array ar, al, br, bi, aux;
begln integer i, j, v
“arrey aar, sai[1:n,1:n], bbr, bbi xr, xi[13nl;
integer array pl1: n], .
for i:= 1 step 1 until n do
for js= 1 step 1 wtil n do
begin ear[T,3]:= arl 1,513 aaili,d]:= ai[i;J] end;
ri= Ingcomdetsol:= lngcomdet(aar, aai, n, aux, p); if r = n then
begin comaccsol(ar, ai, aar,- aai, n, P, br, bi, aux, bbr, bol,
xr, xi);
for is= 1 step 1 untll n do .
begin br[i]' xr[i], bi[iTt= xi[i] end

end
: end Tngcomdetsol;
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Description mea 265L

lngcomdetsol:= n , the order of the matrlx M, whose real part 1s given in
array af[}:n,1.nJ and imaginary part in array a1[].n,1.n] and-the linear

© system Mx = bvis'solvéd, where, véctor~b is given in array br, 5i[1'n"1'n],
where br contains the real part of b and bi the 1mag1nary part and the
solution is 1mproved by 1teratlon. In ____x_aupr 5] one must glve the
machine prec1s1on in awxﬁﬂ

The solution x 1s overwritten on b.

The determlnant of M is delivered as (aux[ﬁ] + 1 *—aux[2] *-2 4 aux[ﬁj
aux 4] :
auxﬁﬂ?
failed to 1mprove.

a measure for the max1ma1 relatlve error in the solutlon

the number of 1teratlons, w1th a’ negatlve 31gn, if the solution

If, however, during the décompoSition bj lngcomdet, a diagonalelement .of
the lowertriangular matrix becomes zero the process is discontinued,
lngcomdetsol:= | the iast stage number minus one, the determinant of the
decomposed part is delivered as (aux[ﬂ + 1 v a.ux[2]) *2 4 a.ux[3] and the
procedure is left without solying the system Mx = b.

lngcomdetsol leaves ar and ai intact.. ' _

lngecomdetsol uses lngcomdet, lngcbmsol and comaccsoi and indirectly ichrow’

(Bﬂ, chapter 20),‘1ngmatvec, lngmatmat and lngmattam (chapter 25).

3
g
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CHAPTER 27
. .

POSITIVE DEFINITE SYMMETRIC LINEAR SYSTEMS

This chapter contains procedurés for solving‘systems of linear equations,
provided the matrices aré positive definite symmetric.

In section 270 procedures are given analogous to mca 2200 and mea 2201
(chapter 2é, Bﬂ),but using four formal parameters and using single precision
scalarproduct procedures. ‘

Section 271 contains the same procedufes as section 270, but using double
precision scalarproduct procedures. . '

Moreover section 274 contains procedures for solving linear least-squares

problems, using double precision scalar product procedures.

In section 270 and 271 the ordinary Cholesky method is used and in section

27l Householder transformations with pivoting [b].

For large order n the computation time for solving linear systems is proportional

to n cubed and about one half of the time required for the general case.
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Sectlon 270 Cholegky decom9031tlon wmthout plvotlng, u51ng single

preécision scalar product procedures

‘fThis sectio@~c6ntains procedures for solving linear systems, provided the
matrices are positive definite symmetrid: | '

detacecsolsym solves a system of linear eQuations and improves the solution
by iteration and calculates thé determinant of the system,
detsym'calculates tﬁe‘determinant of a matrix,

solsym solves a linear system of equations,

accsolsym solves a linear system of equations and improves the solution by

iteration.

The method used is Cholesky's square root method without pivoting [T, P. 11239
[é]. If the given symmetric matrix M is positive definite, then the method
yields an upper triangular matrix U, the "Cholesky matrix" of M, such that

U'U equals M; moreover the determinant of M is'delivered, calculated as the
product of the squares of the diagonal elements of U (and, thus, always
positive). The process is completed inn stages, each stage producing a row
of U.

However ,the process is dicontinued,if at some stage, k, the k~th diagonal~—
element of M minus the sum of the sqﬁafed elements of the k=th column of U
(the square root of this quantity being the k-th diagonal element of U) is not
positive, meaning that M, perhaps modified by rounding errors, is not p051t1ve
definite. In that case the stage number k=1 is delivered. ’
After the Cholesky decomQ031thn the solution of the llnearvsystem U'Ux = b

is obtained by solving U'y = b (forward substitution) and Ux = y (back sub~

stitution).
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comment meca, 27003
integer procedure detsym(a, n, aux, dlag) 5 value n; integer n;
array a, aux, diags
begln integer i, j, d2;
real x, xx, dl;
Te= 13 d2:= 03
for i:= 1 step 1-until n do
For ji:= 1 step 1 until n do :
‘B—e_g'in x:= ali,J] — mattam(i, i -1, 1, j, a, a); if j = i then
begln if x < O then
begln aux[37:= x; goto end end,
=d1 X x3
11s 1f abs(d1) > 1 then
begin dls= dl X 0,0625; d2:= d2 + U; goto 11 end;
12: I abs(dl) < 0,0625. then : T
begln dls= a1l X 16; @:i= d2 — U; goto 12 end;
aglil:=1/ sqft(x) -
end
else a[j,i]:= x X diag[i]

end,
j'— n+ 1;
end: detsym:= j; aux[1]:= dl, aux[2]:=
end detsym;

comment mca 2701;
procedure solsym(a, n, diag, b); value nj integer n; array a, diag, b;
begin integer i;

real y, ¥V;

for i:= 1 step 1 until n do

Pegin b[1]3= — aiagli] x (bli] + matvec(l, i = 1, i, a, b)) end;
for 1:= n step - 1 until 1 do

begin b[il3= — diagli] X (pl[i] + tamvec(l +1,n, i, a, b)) end

end solsym;
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Description mea 2700 . _
detsym:= n , the order of the pos:.'blve deflnlte symmetrlc ma'br:.x M, whose

uppertr:.angle is given in array 3[1 in, 1 n] a.nd the Cholesky ma.trlx of M
is calculated and stored in the remalnder of a, except the reclprocals of
the diagonal elements which are stored in ggggz’diag[ﬁ:nl. Moreover, in
array aux[O:SJ the determinant of M is delivered-inlaux['j] % 2 + aux[2].
If; however, M is not positive definite, the Cholesky—decomposition is
discontinued' .detsym:=. the last stage number minus one, the determinant
of the decomposed part is delivered as aux[{] * 2 + aux[2] and the non-
'positive element is delivered in auxﬁﬂ

detsym leaves the uppertrlangleiof a, thus also M, intact.

detsym uses mattam (Bﬂ, chapter 20); ‘

Descrlptlon mca 2701
solsym should be called after detsym and solves the linear system Mx = b,

where M is the n~th order positive definite symmetric matrix, given in the
uppertriangle of array a[‘l:n,hn:] ,» Whose Cholesky ﬁlatrix,‘ as produced by

detsym must be given in the lower‘triangle of a, except for the diagonalelements,
whose rec1procals must be given in array dlagD n] , and where b is given in
grray d[1:m]. |

The solutionvector x is overwritten on b. ;

solsym leaves the elements of a :anarla.nt , S0 that after .one call of detsym
several calls of solsym may follow for solv:Lng several llnear systems having
the same matrix, but different rlght-hand sides.

solsym uses matvec and tamvec (]:61, chapter 20).

T



‘comment mca 2702, .
procedure accsolsym(a, n, b, aux, diag, bb, x, solsym), value nj
integer n; array a, b, aux, diag, bb, x, procedure solsyny
begin integer i, 1; _ .

real d0, di, e, cc, xmax, dxmax, eps,. ,

‘eps:= aux[O] . '

for is= 1 step 1 until n do

begin x[1]%= 03 bo[ilt= blT] end,

le:= O3
loop: solsym(a, n, diag, bb), =1+ 13 ° ‘
for i:= 1 step 1 until n do x[i].- x[i] -+ bb[l], t= Gxmaxi= O

for it= 1 step 1 until n do

begin ci:= abs(x[i]); if ¢ "> xmax then xmax:= ¢ ct
if ¢ > dxmax then dxmaxi= c¢3 -
lngtamvec§1, T2, 14, 8, x, = b[l] 0, ¢, ce);
lngmatvec(i; n, i, &, %, ¢, cc; c, cc), bo[i]i= ~ ¢

abs(bb[1]);

end, .
dxmax / xmax; if ‘41 > 2 X eps ‘then

"beg1n1f1>1j_d1x2<d0then
begin d0:= dl; goto loop end;
Q—-'l ‘>
end;
auxll]e= a1; aux[5]:=
end accsolsym;
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Description mca 2702 o ' -
accsolsym should be called after detsym resp. lngdetsym (section 271)'and

solves the linear system Mx = b, vwhere M is the n-th order positive definite
symmetric matrix, given in the uppertriangle of array a[1:n,1:h], whose

Cholesky matrix, as produced by detsym resp. lngdetsym, must be given in the
lowertriangle of a, except for the diagonalelements whose reciprocals must be
given in g;ggx‘diag[ﬁ:n], and where b is given in gggg['b[1:ﬁ]. In array

aux [:0:5] one must give the machine precision in aux[:O] .

The solution is calculated iteretively; stafting from the trial solution x = 0.

In eachvsiep the residual bb is calculated and then the system Md = bb is

solved, using solsym resp. lngsolsym (section 271), and subsequently the
correction d is added to x. The refinement is repeated as long as the maximum
correction is at most half the previous one, until it is less than twice

auxﬂﬂ times the maximum norm of x. If the solution fails to improve, the iteration-
process is discontinued, and the mumber of iterations is delivered with a negative

sign. The solution x and the re51dual bb = b ~ Mx are delivered in array x[1:n1

end bb[1:1a].
”aux[ﬁ].= a measure for the maximal relative error in the solution.
aux[5]:= the number of iterations. '

accuolsym leaves a, diag and D 1ntact, so that the uppertriangle of a and

b can be used to refine the solution X, and so that after one call of detsym
resp. lngdetsym, several calls of accsolsym with solsym resp. lngsolsym may
follow, using the lower_ﬁriangle.of a (minus the maindiagonal) and diag,
for solving several systems haviné'the same matrix, but different'rightwhand
sides. ~

accsolsym uses lngmatvec and lngtamvec (chapter 25) and solsym resp. lngsolsym,
depending on accsolsym being preceded by detsym or lngdetsym, and indirectly
matvec and tamvec ([ﬁj, chapter 20)

(see also {ébT)
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comment mea 27033
integer procedure detaccsolsym(a, n, b, aux) 5 value n; 1nteger n,

array a, b, aux;
begin :mteger i, r3

array diag, b'b x[1 nj;
detaccsolsymi= ri= detsym(a, n, aux, diag); if r = n then . .

begin accsolsym(a, n, b, aux, diag, bb, x, solsym);
for i:= 1 step 1 untll n do b[l]'-'x i]

end
.end detaccsolsym;-
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Description ‘mea 2703

detaccsolsym:= n ., the order of the positive definite symmetric matrix M,
whose uppertriangle is 'glven in array a[l:n,l:n] , and ‘the linear system

Mx = b, where vector b is given in array bD n], is solved and the solution
is improved by iteration. In array aux [0 5_' one must give the machine precn.s:Lon
in aux[O]

’The solution x is overwritten on b.

The determinant of M is delivered as auxD] * 2 4 aux[ZJ

aux [h] i= g measure for the maximal relative error in the solution.

aux [5] i= +the number of iterations, with a negative sign, if the solutibn
failed to improve. ’

If, however, M is not positive definite, the Cholesky decomposition is dis=
continued, detaccsolsym:= the last stage number minus one, the determinant
of the decomposed part is delivered as aux[ﬂ * 2 4 aux[Z:] , the non=-positive
"element in aux [:3] and the procedure is left without solving the system Mx = b.
detaccsolsym leaves a intact.

detaccsolsym uses detsym, solsym and accsolsym, and indirectly matvec, tamvec

and mattam ([_6] , chapter 20) and lngmatvec (chapter 25).



36

comment mea, 27103
integer procedure lngdeusym(a, n, au.x, dla,g) ;5 value n, integer n;
array a, aux, dilag;
begin integer 1, j, d2;
real x, xx, di;
diz= 1; dos= 03
for i:= 1 step 1 until n do
for Ji= 1 step 1. until n do
Pegin lngmattam(‘l, i—1,1, j, a, a, - a[l,J], 0, x, xx);
Xi=— x5 if j = i then
begln if X < O them
begln aux[37:= X; goto end end;
= dl X x3
11: 1f a’os(d1) > 1 then
begin dl:= & X 0,0625; d2:= 42 + Ly goto 11 end;
12: if abs(d1) < 0,0625 then
begin dli= d1 X 16; &i= a2 — b; goto 12 end;

Taglili= 1 / sqrt(x)
end

else alj,il:= x X diag[i]
end,
J:= n + 13
end: lngdetsym:= j; aux[1l:= d1; aux{2]:=
g_{x_@ 1lngdetsym;
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Section 271 ‘Cholesky decomposition without pivoting., using double precision

scalar product procedures.

This section contains procedures for solv1ng llnear systems, prov1ded the
matrices are positive definite symmetric: ,
Ingdetsolsym solves a system of linear equations and improves the solution
by iteration and calculates the determinant of the system,
Ingdetsym calculates the determinant of a matrix, v
. Ilngsolsym solves a linear system of equations.
The method used is Cholesky s square root method w1thout plvotlng [?, o 11f],
[2]. (see section 270).

Description meca 2710

Ingdetsym:= n, the order of the positive definite sjmmetric matrix M,

whose uppertriangle is given in array a[ﬁ n,l: n] and the Cholesky matrix of
M is calculated and stored in the remalnder of a, except the reciprocals of
the diagonal elements, which are stored in array dlag[1:nj. Moreover, in
array. aux[O:S] the determinant of M is delivered as aux[ﬂ * 2 4 aux [2] .
If, however, M is not positive definite, the Cholesky decomposition is dis—
continued, lngdetsym'4 the last-etage numbef minus one, the'determinant of
the decomposed part is delivered as aux[T] 2 4 aux[é] and the non-positive
element is delivered in aux[3]

lngdetsym leaves the uppertriangle of a, thus also M, intact.

Ingdetsym uses lngmattam (chapter 20).
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comment mea 27113
procedure lngsolsym(a, n, dlag N 'b) 3 value n3 1nteger ns
array a, diag, b; ’
" begin integer i;
real ¥y, VV; ' .
for 1s= 1 step 1 until n do
begin lngmatvece(l, 1 — 1, 1, a, b, b[i], 0, ¥, yy),
b[l]'=—diag[1] Xy, : o _
end,
for is= n step = 1 until 1 do
begin lngtamvec(i + 1, n, 1, a, b, b[l], 0, ¥, yy),
T b[i]:= - diagli] X ¥
end
end Ingsolsym; -

comment mea 2713,
integer procedure lngde‘bsolsym(a, n, b, a,u:x) 3 value nj integer nj
array a, D, 8UX}
begin integer i, r;.
array diag, bb, x[1: nl; :
Tngdetsolsym:= ri= lngdetsym(a, n, aux, diag); if r = n then
begin accsolsym(a, n, b, aux, diag, bb, x, 1ngsolsym);
:f'or ie= 1 step 1 until n do b[i]:= x[l]‘ ,
end
end Ingdetsolsym;
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Description meca 2711 A V
Ingsolsym should be called after lngdetsym and solves the linear system

Mx = b, where M is the n~th order posiﬁive definite symnetric matrix, given
in the upper triangle of array a[1:n,‘1 :n:] s whose Cholesky matrix, as produced
by lngdetsym must be given in the lower triangle of a, except for the diagonal-
elements, whose reciprocals must be given in array diagl:i :n], and where b is .
given in array bf;‘l :nj . :

The solutionvector x isfoverwf'it‘ten on b.

lngsolsyhl léaves the elements of a invariant, so that after one call of
Ingdetsym several calls of lngsolsym may follow for solv:.ng several linear
systems having the same matrix, ‘but different rlght»hand sides.

lngsolsym uses. lngmatvec and lngtamvec (chapter 25).

Description meca 2713

Ingdetsolsym:= n ., the order of. the positive definite symmetric matrix M,
whose upper triangle is given in array a.]:1 n,l: n‘], and the linear system

M.: = b, where vector b is glven 1n array bD n] is solved and the solution
‘is improved by iteration. In M aux rO 5:] one must glve the machine precision
- in aux[O] ‘

The solution x is overwritten on b.

The determinant of M is delivered as aux[‘l] w2 ¢ aux[Q].

aux D{[;_—. a measure for the meximal relative error in the solution.

aux [5] :=  the number of iterations, with a negative sign, if the solution
failed to improve. v

If, however, M is not positive definite, the Cholesky decomposition is dis-
continued',.lngdetsolsym:j:\ the last stage number minus one, the determinant
of the decomposed part is delivered as aux[ﬂ *2 ¢ aux[E], the non-positive
‘element in aux [3T and the procedure is left without solving the system Mx = D.
lngdetsolsym leaves a intact. ' '

lngietsolsym uses lngdetsym, lngsolsym and a.ccsolsym (section 270) and in-
directly lngmatvec, lngtamvec and lngmattam (chapter 25)..
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Section 274 ILeast=squares problems
This_section contains procedufes-for solving linear leastesquares problems,
‘using double precision scalarproducts. -

1sqwgtmat ([6], section 224) multiplicates a matrix and a weightvector.

lsglngdec performs the Householder triangularisation of M and calculates its
‘rank.

lsglngsol and lsglngdglinv are to be‘used in combination with

lsglngdec, for solving a linear least~squares problem (or several problems
having the same matrix M, but different right-hand sides), and for’calculating
the maindiagonal of the inverse of M'M.

Apart from some changes and adaptations to our vector procedureé,lsqlngdec
and lsqlngsol have been derived from [ﬁ].

The method is Householder trianéularisation with columninteréhanges. Let M
have n rows and m columns; lsqlﬁgdec produces an n-th order orthogonal matrix
Q and an n s m uppertriangular matrix R,such that R equals QM with permuted
columns. Matrix Q is the product of at most m orthogonal symmetric n-th
order "Househoulder matrices", which are of the form I - sww', where I is

the identity matrix, v s columnVector and s a scalar. Matrix M is reduced

to R in (at most) m stages. In the k~th stage the desired zeroes are intro=
duced in the k~th column, i.e. the column having maximum Euclidean norm, is
selected from the remaining (n = k + 1) » (m - kX + 1) submatrix, and the
pivotal and the k-~th columns are interchanged; then the k=-th Householder
matrix is calculated and postmulfiplied by the remaining submatrix. The k—-th
Householder matrix is chosen such that this postmultiplication introduces
the desired gzeroes in the k-th column and the first k -1 elements of w are
zero. If at some stage k the Euclidean norm of the pivotal column is smaller
than some éolerance, viz. a given relative tolerance times the meximum of the
Euclidean norms of the columns of M, then the process is discontinued, and

k- 11is delivered as the rank of M; otherwhise the rank equals m.
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In lsqlngsol, the leastwsquare; solution x of the problem Mx -~ b is obtained
by first calculating y = Qb, then solving the triangular systém consisting
of the first equations of Rx =y (backsubstitution),»and finally interchanging
the elements of x in "reverse correspondence" with the interchanges of the
'columns of M, i.e. the same interchanges are carried out in reverse order.
As Dby=product the last n—m elements of y are delivered; the sum of the
squares of these elements is approximately equal to the square of the Euclidean

norm of the residuevector Mx - b.

In lsglngdglinv the maindiagonél of M'M is obtained by caleculating the inverse
of R, from this the maindiagonal of the inverse of R'R, and then interchanging
the calculated diagonal elements in reverse correspondence with the inter—

changes of the columns of M.
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comment meca 22U45; o
Trocedure lsqugtmat(w, a, n; m); value n, m; integer n, my array w,
begin integer 1, Jj; . )
real wi; :
for is= 1 step 1 until n do
begin wist= wlil; —
~For ji= 1 step 1 until m do a[i,3jl:= ali,j] x wi
, end - ' - -
end Tsqugtmat;

comment meca 2740; ,
Tnteger procedure lsqlngdec(a, n, m, aux, aid, ci); value n, m
integer n, m; array a, aux, aid; integer array ci;
begin integer j, k, kpiv;
Teal beta, sigma, norm, w, ww, eps, akk, aidk;
array sum[1:m]; ' :
norm:= 03 lsglngdec:= m;
for ke= 1 step 1 until m do ‘
Pegin lngtammt(1; n, k, K, a, a, 0, 0, w, ww); sum[k]:= w;
if w > norm then norm:= w
end; ‘ ‘
7= aux[11:= sqrt(norm); eps:= aux[0] X w;
for ke= 1 step 1 until m do
Pegin sigmas= sumlkl; kpivi= k;
=For ji=k + 1 step 1 until m do if sum[j] > sigma then
Degin sigma:= sumljl; Kpivi= J end;
if kpiv 5 k then -
Pogin sum{kpivis= sum{k]; icheol(1, n, k, kpiv, a) end;
cilk]:= kpiv; akk:= alk,k]; -
1ngtammt(k, n, k, k, a, a, 0, 0, sigma, ww);
W= sqrt(sigmai; aidk:= aid[k]:= if akk < O then w else — w;
if w < eps then
Pegin lsglngdecs= k — 1; goto enddec end;
beta:= 1 / (sigma — akk X aidk); alk,k]:= akk - aidk;
for ji= k + 1 step 1 until m do
Pegin 1ngtammet(K, n, K, 4, &, a, 0, 0, sigma, ww);
elmeol(k, n, j, k, a, a, — beta X sigma);
sum[ §]:= suml 3] ~ a[k,j] A 2

end

end for k;
enddec: auxl2]:= w
end lsqlngdec;

a;
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Description meca 2245 ' . ‘ . .

lsqwgtmat multiplicates the matrix M, given in array a[1:n;1:ﬁ], and the

weightvector W, given in array w{]:ﬁ],fand delivers M #» w in a[i:n,T:nﬂ.

Description meca 2740

lsglngdec:= rank, r, of the n » m matrix M, given in array a[1:n,1:nﬂ.

In array aux[p:S] one must give a relative tolerance in aux[p]. The pivotal

colum indices are delivered in integer array ci[ﬂ:r], the (r first) diagonal

elements Of the uppertriangular matrix R in array aid[ﬁ:;], and the other
elements of the upper triangle of R in array a, together with the vectors w
of the Householder matrices. L ‘
Moreover,

aux[l]:
aux[?]:= the absolute value of‘the r-th diagonal element of R.

1lsglngdec uses elmcol, ichcol ([}ﬂ, chapter 20) and lngtammat (chapter 25).

¢

the maximum Euclidean norm of the columns of M,
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comment mea 27413 :
procedure lsglngsol(a, n, m, aid, ci, 'b), value n, m; integer n, m;
array a, ald, b; integer array ci; -
begin integer k, cik; . -
real w, ww;
for ks= 1 step 1 until m do
begin lngtamvec(k, n, k, a, b, 0, 0, W, WW)
elmveccol(k, n, k, b, a, w / (ald[k] X a{k,k]))
end;
for k:= m step — 1 until 1 do
Pegin lngmatvec(k + 1, m, K, &, b, — b[k], 0, W, W)}
T Dblkli= - w / aidlk]
end,
for ki=m step -~ 1 untll 1 do
begin cik:= cilk]; If cik # k then
~ begin wi= b[k]; b[k]-— blcIk]; bleikls= w end

end
end Isqlngsol;

comment meca 27Lk2; :
procedure lsqlngdglinv(a, m; aid, ci, dlag) ; value m; integer m;
array a, aid, diag; integer array cij
begin in‘ceger Js k, cik;
real w, ww;
for ki= 1 step 1 until m do
begln dlangJ'— 17/ afalkT;
for ji=k + 1 step 1 until m do
begin lngtamvec(k, J=1, 3§, a, diag, 0, 0, w, ww);
T diaglili= - w / ald[g] v
end;
‘ lngvecvec(k, m, 0, diag, diag, O, 0, dlag[k], ww)
end,
for ks=m step -~ 1 until 1 do ,
Pegin cik:= cilk]; if cik # k then
begin wi= dlag[_T, dlag[k]'- t= diaglcik]; diag[cikl:= w end

end
end 1lsqlngdglinvg
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Description mca 2741 o
lsqlngsol should be called after lsqlngdec (but only if the rank equals m),

and calculates the least-squares solution x of Mx =b, where b is the vector
given in ggggx_b[T:n], and M is the n *m matrix, whose Householder triangularized
" form R, with the véctors w of the Householder matrices and the bivotal indices

as produced by lsqlngdec must be given in Qgggi a[T:n,hnjg aid[1:m] and integer
ggggz'ci[1:m]. The solution vector x is overwritten on the first m elements

of by aﬁd the last n ~ m elements of y are overwritten,on'the last n = m

elements of b. '

lsglngsol leaves tﬁe elements of a, aid and ci intact; so that after one call

of lsglngdec, several callévof Isqglngsol may follow for solVing several least=
squares problems, having the same matrix M, but different right—hand sides;

1sqlngsol uses lngmatvec, lngtamvec (chapter 25) and elmveccol ([6}, chapter 20).

Description meca 2742
1sqlngdglinv should be called after lsglngdec (but only if the rank equals m),

and calculates the maindiagonal of the inverse of M'M where M is the matrix,
whose Householder triangularized form R with the pivotal indices, as produced
by lsglngdec must be given in array aL1:n,1:n]; aid[1:m] and integer array'ci[ﬁ:nﬂ.

The calculated maindiagonal is delivered in array diag[ﬁ:nﬂ; the elements of

a, ald and ci are left intact.

lsqlngdglinv uses lngvecvec and lngtamvec (chapter 25).



L6

REFERENCES

1)

2)

)

5)

8)

P. Naur (ed.),

Revised report on the algorithmic language ALGOL 60 (1962).

R.8. Martin, G. Peters and J.H. Wilkinson,

a) Symmetric decomposition of a positive definite matrix.
Num. Math. T, 362-282 (1965).

b) Iterative refinement of the solution of a positive definite system
of equations.
Num. Math. 8, 203-216 (1966).

H.J. Bowdler, R.S. Martin, G. Peters and J.H. Wilkinson,

Solution of real and complex systems of linear eguations.

Num. Math. 8, 217-234 (1966).

P. Businger and G. Golub,

Linear least-squares solution'by Householdertransformations.

Num. Math. T, 269-276 (1965).

G. Golub and J.H. Wilkinson,

Note on the iterative refinement of least-squares solution.

Num. Math. 9, 139-148 (1966).

T.J. Dekker, _

ALGOL 60 procedures in Numerical Algebra I.

(Mathematical Centre Tracts 22, Amsterdam 1968).

J.H. Wilkinson,

Rounding Errors in algebralc processes.

(London 1963).

J.H. Wilkinson,

The algebraic eigenvalue problem.

(Oxford 1965).



